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Abstract
The interpretation of hypernuclear γ-ray data for p-shell hypernuclei in terms of
shell-model calculations that include the coupling of Λ- and Σ-hypernuclear states
is briefly reviewed. Next, 8ΛLi/
8
ΛBe and
9
ΛLi are considered, both to exhibit features
of Λ-Σ coupling and as possible source of observed, but unassigned, hypernuclear γ
rays. Then, the feasibility of measuring the ground-state doublet spacing of 10ΛBe,
which, like 9ΛLi, could be studied via the (K
−, pi0γ) reaction, is investigated. Struc-
tural information relevant to the population of states in these hypernuclei in recent
(e, e′K+) studies is also given. Finally, the extension of the shell-model calculations
to sd-shell hypernuclei is briefly considered.
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1 Introduction
This article provides an update on the shell-model interpretation of γ-ray
transitions in p-shell hypernuclei [1] from a previous special issue on recent
advances in strangeness nuclear physics and the start of an extension to sd-
shell hypernuclei. The experimental data available at the time was reviewed
by Tamura in the same volume [2] and consisted of 22 γ-ray transitions in 7ΛLi,
9
ΛBe,
11
ΛB,
12
ΛC,
13
ΛC,
15
ΛN, and
16
ΛO, together with a limit on the ground-state
doublet spacing in 10ΛB. Since then, new results on
11
ΛB and
12
ΛC from KEK
E566 using an upgraded germanium detector array, Hyperball2, have been
reported at the Hyp-X conference by Tamura [3] and Ma [4]. The ground-
state doublet spacing in 12ΛC is established as 161 keV both from the direct
observation of the 161 keV γ-ray and from transitions from an excited 1− state
Email address: millener@bnl.gov (D.J. Millener).
Preprint submitted to Elsevier 21 September 2018
at 2832 keV. The ground-state doublet spacing is closely related to that of 10ΛB
which is < 100 keV. It seems that the difference between 10ΛB and
12
ΛC can
be explained only by invoking the coupling between Λ and Σ hypernuclear
states [5] (Λ-Σ coupling).
Section 2 describes the shell model calculations and Section 3 summarizes the
previously obtained results for transitions observed in the Hyperball experi-
ments. Sections 4, 5, and 6 discuss the A=8, 9, and 10 hypernuclei. Section 7
contains some information on contributions to the ground-state binding ener-
gies of p-shell hypernuclei. Section 8 is devoted to 19ΛF while Section 9 contains
a concluding discussion.
2 Shell-model calculations
Shell-model calculations for p-shell hypernuclei start with the Hamiltonian
H = HN +HY + VNY , (1)
where HN is an empirical Hamiltonian for the p-shell core, the single-particle
HY supplies the ∼ 80MeV mass difference between Λ and Σ, and VNY is the
Y N interaction. The shell-model basis states are chosen to be of the form
|(pnαcJcTc, jY tY )JT 〉, where the hyperon is coupled in angular momentum
and isospin to eigenstates of the p-shell Hamiltonian for the core, with up to
three values of Tc contributing for Σ-hypernuclear states. This is known as a
weak-coupling basis and, indeed, the mixing of basis states in the hypernuclear
eigenstates is generally very small. In this basis, the core energies are taken
from experiment where possible and from the p-shell calculation otherwise.
The ΛN effective interaction can be written [6]
VΛN(r) = V0(r) + Vσ(r)~sN · ~sΛ + VΛ(r)~lNΛ · ~sΛ + VN(r)~lNΛ · ~sN + VT(r)S12, (2)
where S12 = 3(~σN · ~r)(~σΛ · ~r) − ~σN · ~σΛ. The spin-orbit interactions can al-
ternatively be expressed in terms of the symmetric (SLS) and antisymmetric
(ALS) spin-orbit operators ~lNΛ · (~sΛ ± ~sN). The five pNsΛ two-body matrix
elements depend on the radial integrals associated with each component in
Eq. (2), conventionally denoted by the parameters V , ∆, SΛ, SN and T [6].
By convention [6], SΛ and SN are actually the coefficients of ~lN ·~sΛ and ~lN ·~sN .
Then, the operators associated with ∆ and SΛ are ~SN · ~sΛ and ~LN · ~sΛ.
The parametrization of Eq. (2) applies to the direct ΛN interaction, the ΛN–
ΣN coupling interaction, and the direct ΣN interaction for both isospin 1/2
2
and 3/2. Values for the parameters based on various Nijmegen models of the
Y N interactions are given in Section 3 of Ref. [5]. Formally, one could include
an overall factor
√
4/3 tN · tΛΣ in the analog of Eq. (2) that defines the inter-
action, where tΛΣ is the operator that converts a Λ into a Σ. Then, the core
operator associated with V
′
is TN =
∑
i tNi. This leads to a non-zero matrix
element only between Λ and Σ states that have the same core, with the value
〈(JcT, sΣ)JT |V
′
ΛΣ|(JcT, sΛ)JT 〉 =
√
4/3
√
T (T + 1) V
′
, (3)
in analogy to Fermi β decay of the core nucleus. Similarly, the spin-spin term
involves
∑
i sNitNi for the core and connects core states that have large Gamow-
Teller (GT) matrix elements between them. This point has been emphasized
by Umeya and Harada [7] in a recent article on the effects of Λ-Σ coupling in
7−10
ΛLi.
In an LS basis for the core, the matrix elements of ~SN ·~sΛ are diagonal (similarly
for ~LN ·~sΛ = ( ~JN − ~SN) ·~sΛ) and depend just on the intensities of the total L
and S for the hypernucleus. Because supermultiplet symmetry [fc]KcLcScJcTc
is generally a good symmetry for p-shell core states, only one or two values of
L and S are important. The mixing of different [fc]LcSc is primarily due to
the vector (SLS plus ALS) terms in the p-shell Hamiltonian. Of the remaining
ΛN parameters, V contributes only to the overall binding energy; SN does not
contribute to doublet splittings in the weak-coupling limit but a negative SN
augments the nuclear spin-orbit interaction and contributes to the spacings
between states based on different core states; in general, there are not simple
expressions for the coefficients of T .
Many hypernuclear calculations have used the venerable Cohen and Kurath
interactions [8]. Here, the p-shell interaction has been refined using the fol-
lowing strategy. The one-body spin-orbit splitting between the p3/2 and p1/2
orbits is fixed to give a good description of the light p-shell nuclei (say for
A ≤ 9). The overall strength of the tensor interaction is also fixed, ultimately
to produce the cancellation in 14C β decay. The well-determined linear combi-
nations of the central and vector p-shell interactions are then chosen by fitting
the energies of a large number of states that are known to be dominantly p-
shell in character, including the large spin-orbit splitting at A=15. A detailed
discussion of p-shell nuclei is given in Section 5 of Ref. [9].
3 Measured doublet spacings
Table 1 gives a summary of the contributions from Λ-Σ coupling and the
ΛN interaction parameters to all 9 of the measured doublet spacings. Details,
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Table 1
Doublet spacings in p-shell hypernuclei. Energies are given in keV. The entries in
the top (bottom) half of the table are calculated using the parameters in Eq. (4)
(Eq. (6)). The individual contributions do not sum to exactly ∆Eth, which comes
from the diagonalization, because small contributions from the energies of admixed
core states are not included.
Jpiu J
pi
l ΛΣ ∆ SΛ SN T ∆E
th ∆Eexp
7
ΛLi 3/2
+ 1/2+ 72 628 −1 −4 −9 693 692
7
ΛLi 7/2
+ 5/2+ 74 557 −32 −8 −71 494 471
9
ΛBe 3/2
+ 5/2+ −8 −14 37 0 28 44 43
11
ΛB 7/2
+ 5/2+ 56 339 −37 −10 −80 267 264
11
ΛB 3/2
+ 1/2+ 61 424 −3 −44 −10 475 505
12
ΛC 2
− 1− 61 175 −12 −13 −42 153 161
15
ΛN 3/2
+
2 1/2
+
2 65 451 −2 −16 −10 507 481
16
ΛO 1
− 0− −33 −123 −20 1 188 23 26
16
ΛO 2
− 1−2 92 207 −21 1 −41 248 224
such as figures showing spectra and tables giving breakdowns of energy-level
spacings, wave functions, and transition rates, can be found in Refs. [1,9]. The
set of parameters used for 7ΛLi and
9
ΛBe (chosen to fit the energy spacings in
7
ΛLi) is (parameters in MeV)
∆ = 0.430 SΛ = −0.015 SN = −0.390 T = 0.030 . (4)
The matrix elements for the Λ-Σ coupling interaction, based on the G-matrix
calculations of Ref. [10] for the nsc97e, f interactions [11], are [1,9]
V
′
= 1.45 ∆′ = 3.04 S ′Λ = S
′
N = −0.09 T
′ = 0.16 . (5)
These parameters are kept fixed throughout the p-shell in the present calcu-
lations.
The ground-state doublet in 7ΛLi and the exited-state doublets in
11
ΛB and
15
ΛN are based on core states that are largely Lc = 0 and Sc = 1. This limits
contributions from other than ∆, which enters with a large coefficient of 3/2
in the Lc = 0 limit, and Λ-Σ coupling. The coefficient of ∆ for the excited
state doublet is 7/6 for Lc = 2, Sc = 1, Jc = 3 but here SΛ and T enter with
substantial coefficients. The 3+ core state is the lowest member of an Lc=2,
Sc = 1 triplet and moves down in energy if the strength of the nuclear spin-
4
orbit interaction is increased, as it is by SN , in the hypernucleus. The value
of SN in Eq. (4) is chosen to reproduce the 2.05-MeV excitation energy of the
5/2+ state in 7ΛLi.
The 8Be core state for the 9ΛBe doublet has mainly Lc=2 and Sc=0, giving a
coefficient of −5/2 for SΛ. The contributions from ∆ and T , arising from small
Sc=1 components, together with the small Λ-Σ coupling contribution, happen
to more or less cancel. This means that the 9ΛBe doublet spacing demands a
small value for SΛ.
The doublet spacings for the heavier p-shell hypernuclei consistently require
a smaller value for ∆
∆ = 0.330 SΛ = −0.015 SN = −0.350 T = 0.0239 . (6)
T plays a particularly important role in the ground-state doublet (p−1
1/2sΛ)
splitting of 16ΛO and is determined from a measurement of the doublet spac-
ing [12,13]. The ground-state doublet spacing of 15ΛN, which is closely related
to that of 16ΛO, is missing form Table 1 because the transition to the 1/2
+
state from the 2268-keV 1/2+; 1 level is not observed due to a subtle cancel-
lation [1,9]. However, mesonic weak-decay studies have determined that the
ground-state spin-parity of 15ΛN is 3/2
+ [14,15]. In Eq. (6), SN fits the increase
in the excitation energy of the excited-state doublet over the spacing of the
p-hole states in 15O.
As can be seen from Table 1, there is a consistent description of the dou-
blet spacings once a larger value of ∆ is taken for 7ΛLi. A conjecture, as yet
unproven, is that shell-model admixtures beyond 0h¯ω for the lightest p-shell
nuclei (6Li in particular) involve mainly excitations from the s-shell to the p-
shell, thus permitting an active role for sNsΛ matrix elements that are larger
than those for pNsΛ. For A=10 and beyond, higher admixtures involve p→ sd
excitations and bring in smaller ΛN matrix elements.
Finally, it is clear [1,5,9] that a term such as SN is necessary to describe the
spacings between states based on different core states. Formally, the SN term
arises from a combination of the SLS and ALS interactions but, in practice,
SN is treated as a fitting parameter. A two-body NN ALS interaction that
gives rise to similar effects comes from the double one-pion exchange ΛNN
interaction averaged over the sΛ wave function, as in the original work of Gal,
Soper, and Dalitz [6]. While a one-body SN term appears to be adequate near
the beginning and end of the p-shell, there is a need for a much larger effect
for (at least) 11ΛB,
12
ΛC, and
13
ΛC. The high excitation energy (1483 keV) of
the first 1/2+ state in 11ΛB, taken together with the known spacings of the
ground-state and first-excited state doublets, means that the spacing of the
doublet centroids is 1669 keV compared with the 1+/3+ core separation of
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Fig. 1. The spectrum of 8ΛLi. The
7Li core states are shown on the left. The γ-ray
branching ratios and lifetimes are theoretical. For each state of 8ΛLi, the calculated
energy shifts due to Λ-Σ coupling are given. All energies are in keV.
718 keV. However, the SN value of Eq. (6) gives just over 400 keV towards
the difference. While there is sensitivity to the core wave functions, the high
excitation energies of 2832 keV for the 1−2 state of
12
ΛC and 4880 keV for the
3/2+1 state in
13
ΛC cannot be explained either with this value of SN .
4 The A=8 hypernuclei
Figure 1 gives a theoretical spectrum, including γ-ray branching ratios and
lifetimes, for 8ΛLi. Because the lowest 3/2
− and 1/2− states of 7Li are closely
spaced and both have Lc = 1, the bound 1
− states of 8ΛLi involve significant
mixing (|1−1 〉 = 0.946 (3/2
−) × sΛ − 0.319 (1/2
−) × sΛ) of the configurations
based on them. On a historical note, the spin-parity of 8ΛLi [16] and restrictions
on the mixing [17] were derived from emulsion data on the decay 8ΛLi→ π
−
+ 8Be∗ → π− + α + α. The next largest admixtures are actually from the
corresponding Σ-hypernuclear states.
As can be see from Fig. 1, the energy shift due Λ-Σ coupling for the 1−
ground state is large in strong contrast to that for the 2− member of the
doublet. In fact, Λ-Σ coupling is predicted to account for a third of the doublet
spacing. The predicted energy spacing is very close to the 442.1(21) keV energy
of a γ-ray observed following the production of highly-excited states of 10ΛB
via the (K−, π−) reaction [18]. The 442 keV γ-ray was tentatively attributed
to 8ΛLi or its mirror hypernucleus
8
ΛBe [18], the 2
− state of which could be
reached by l = 1 deuteron emission from the s4p4(sd)sΛ component of the
3+ s−1n sΛ substitutional state in
10
ΛB (the excited-state doublet in
7
ΛLi was
6
studied following l= 0 3He emission from the same state [19]). If confirmed,
the 442-keV γ-ray would provide additional strong support for the important
role played by Λ-Σ coupling in hypernuclear spectra.
A 1.22(4)-MeV γ-ray, seen after K− mesons were stopped in a 9Be target [20],
was tentatively ascribed to 8ΛLi, possibly as a transition between the 1
− states
in Fig. 1. In Ref. [21], it was found to be difficult to explain such a high energy.
This is still the case despite the addition of 136 keV to the transition energy
from Λ-Σ coupling.
The role of Λ-Σ coupling for the ground-state doublet and the excited 1−
state can be seen from the interplay of V
′
and ∆′ in the coupling matrix
elements and the use of perturbation theory for the energy shifts (∼ v2/∆E
with ∆E ∼ 80 MeV). From Eq. (5), V
′
gives a contribution of 1.45 MeV to the
diagonal coupling matrix elements involving the same core state. Adding the
remaining Λ-Σ contributions (mainly from ∆′) for the 3/2− core states gives
2.6524 MeV for Jpi=1− and 0.7286 MeV for Jpi=2−. The off-diagonal matrix
elements (from ∆′) involving 1/2− and 3/2− core states are both−1.5094 MeV,
while the diagonal 1/2− matrix element is 1.4761 MeV. In the weak-coupling
limit, the push on the ground state is 88 keV from the (3/2− × sΣ) state and
28 keV from the (1/2− × sΣ) state while the push on the 2
− state is only 7
keV. The mixing between the (3/2−×sΛ) and (1/2
−×sΛ) states increases the
Λ-Σ coupling matrix elements for the lower 1− state and decreases them for
the upper state; putting in the numbers from above, an estimate of 157 keV
is obtained for the push on the ground state.
As far as electromagnetic transitions are concerned, the p-shell wave functions
account well for the M1 properties of the 3/2− and 1/2− core states using
the bare M1 operator, leaving room for the expected small enhancement of
the isovector matrix elements by meson-exchange currents [22]; the calculated
magnetic moments of 7Li and 7Be are 3.145 µN and −1.263 µN compared with
the experimental values of 3.256 µN and −1.399 µN , respectively. Because the
M1 matrix element for the ground-state doublet transition is proportional to
gc − gΛ (gΛ =−1.226) in the weak-coupling limit [23] the transition is going
to be much faster in the odd-proton nucleus 8ΛLi. This simple approximation
does not apply because of the configuration mixing in the 1− wave functions.
The M1 transition strengths end up being 1.086 W.u. in 8ΛLi and 0.043 W.u.
in 8ΛBe (τ = 8.37 ps). For the decay of the 1
−
2 state in
8
ΛBe, one obtains a
branch of 64% to the ground state and a lifetime of 46 fs. All these low-energy
transitions are little affected by their E2 components.
As a further example of the effects of Λ-Σ coupling, the 8ΛHe ground-state
doublet is predicted to have a spacing of 101 keV with Λ-Σ contributions of
154 and 182 keV to the binding energies of the 1− and 2− states, respectively.
In this case, Λ-Σ coupling reduces the doublet spacing by 28 keV.
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Fig. 2. The spectrum of 9ΛLi. The
8Li core states are shown on the left along with
the spectroscopic factors for proton removal from 9Be. The γ-ray branching ratios
and lifetimes are theoretical. For each state of 9ΛLi, the calculated energy shifts due
to Λ-Σ coupling are given. All energies are in keV. On the right, the structural
factors (defined in Appendix A) giving the relative population of levels in purely
non-spin-flip (∆S=0) and purely spin-flip (∆S=1) production reactions on a 9Be
target are given.
5 The 9ΛLi hypernucleus
There is interest in 9ΛLi because it has been studied using the
9Be(e, e′K+)9ΛLi
reaction at JLab [24] and could be studied via the 9Be(K−, π0γ)9ΛLi reaction
at J-PARC. In addition, it is the possible source of a 1303-keV γ-ray seen in
a stopped K− experiment [25], most strongly on a 9Be target.
Figure 2 gives a theoretical spectrum, including γ-ray branching ratios and
lifetimes, for 9ΛLi. Because non-spin-flip production is dominant in the (K
−, π0)
reaction at rest, the only likely candidate for the 1303-keV γ-ray is the excited
3/2+ to ground state transition. In this case, an 840-keV transition to the
lowest 5/2+ state should also be observable. The predicted energy of 1430
keV is too high. For comparison, the ΛN parameter set in Eq. (6) predicts
the 3/2+2 state at 1331 keV and the 5/2
+
1 state at 471 keV. It is clear that
an in-flight (K−, π0γ) study with the Hyperball-J at an incident K− energy
where spin-flip amplitudes are important is desirable.
From the 9Be(t, α)8Li study by Liu and Fortune [26] and the pickup spectro-
8
scopic factors given in Fig. 2, the bulk of the cross section for the production
of sΛ states in the
9Be(e, e′K+)9ΛLi reaction is expected to be concentrated in
states built on the lowest three states of 8Li (see Ref. [27] for an early the-
oretical study). This is indeed the case [24]. The strongest observed state is
the upper member of the ground-state doublet but there appears to be more
strength in the states based on the 3+ core state than predicted and a disagree-
ment about the location of the strength based on the 1+ state. The strength
based on the 1+2 state is close enough to the neutron threshold that the states
should be narrow and any significant strength associated with them should
be observable in the electro-production reaction. This would be the case for
the (8-16)2BME and (8-16)POT interactions of Cohen and Kurath [8] but
not for the (6-16)2BME interactions or the various fitted interactions used
in recent hypernuclear studies. The former interactions favor the second 1+
state in proton removal from 9Be because the lowest 1+ state is dominantly
Lc = 1, Sc = 1 rather than strongly mixed Sc = 0 and Sc = 1. The use of the
(8-16)2BME interaction is the reason that the 9ΛLi spectrum of Umeya and
Harada [7] looks rather different from the one in Fig. 2.
6 The A=10 hypernuclei
Figure 3 gives a theoretical spectrum, including γ-ray branching ratios, pickup
spectroscopic factors, and formation factors for 10ΛBe.
10
ΛBe is another hypernucleus that could be studied via the (K
−, π0γ) reaction
with the Hyperball-J at J-PARC, this time with a 10B target. A strong reason
for doing so would be to try to measure the ground-state doublet spacing
by observing transitions to both members from a higher level. The obvious
candidate is the 2− level based on the 5/2− core level of 9Be. Unfortunately,
the 2− → 2− transition is strongly hindered with respect to the 2− → 1−
transition by a factor of 15 from the recoupling coefficient (but gains something
back on the 2Jf+1 factor). In the weak-coupling limit, the 2
− → 2− branch
would be only 9% but something is gained from configuration mixing. Again,
the E2 components of the transitions are not very important.
The spacings of the ground-state and excited-state doublets are predicted to
be very similar. This could certainly be checked in a (K−, π0γ) experiment and
which γ-ray is which could be determined by choosing K− momenta for which
the ratio of spin-flip to non-spin-flip is quite different. The 1− level based on
the broad 1/2− level in 9Be could be populated via the (K−, π−) reaction on
10Be if only a thick enough 10Be target could be made.
As far as production reactions are concerned, the 10B(K−, π−) 10ΛB reaction
has been studied in KEK E336 [28]. From the spectroscopic factors for proton
9
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Fig. 3. The spectrum of 10ΛBe. The
9Be core states are shown on the left along with
the spectroscopic factors for proton removal from 10B. The γ-ray branching ratios
and lifetimes are theoretical. For each state of 10ΛBe, the calculated energy shifts
due to Λ-Σ coupling are given. All energies are in keV. On the right, the structural
factors giving the relative population of levels in purely non-spin-flip (∆S=0) and
purely spin-flip (∆S=1) production reactions on a 10B target are given.
or neutron removal from 10B, one expects to see four strong peaks up to about
10 MeV in excitation energy. In the (K−, π−) experiment, these are not
cleanly resolved but the data has been fitted to extract energies and relative
yields [28]. The relative yields are in good agreement with the ∆S=0 structure
factors in Fig. 3 but the spectrum is somewhat expanded with respect to
that extracted from the data (the extracted energy may be affected by the
steeply rising background that extends under the fourth peak). A spectrum
in which the four peaks, based on the core states reached strongly by proton
removal from 10B, are cleanly separated has recently been obtained using the
10B(e, e′K+)10ΛBe reaction at JLab [29]. This is as predicted by Motoba et
al. [30] and by the results in Fig. 3 based on more recent information on in-
medium Y N interactions. States involving a pΛ coupled to the same core states
are also expected to be strongly populated (again see Ref. [30]) and it will be
interesting to make a detailed comparison between theory and experiment.
7 Contributions to Λ binding energies
Table 2 shows the Λ-Σ and spin-dependent contributions to the ground-state
binding energies for a wide range of p-shell hypernuclei. The sum of these
contributions can reach 1 MeV. The experimental BΛ values are from emulsion
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Table 2
Λ-Σ and spin-dependent contributions to ground-state binding energies (in keV).
The units for BΛ and V in the last two columns are MeV. The experimental BΛ
values and errors are taken from Ref. [31]. No V is given for 9ΛBe which is a special
case because of the unbound nature of 8Be, the binding energy of which enters into
BΛ(
9
ΛBe). The entry for
12
ΛBe is based on p-shell core states but the ground state
could have positive parity.
Jpi Λ-Σ ∆ SΛ SN T Sum B
expt
Λ (∆B) V
7
ΛHe 1/2
+ 101 1 0 176 0 278
8
ΛHe 1
− 154 152 −13 454 −38 709 7.16(70) −1.11
9
ΛHe 1/2
+ 253 6 0 619 1 879
7
ΛLi 1/2
+ 78 419 0 94 −2 589 5.58(3) −0.94
8
ΛLi 1
− 160 288 −6 192 −9 625 6.80(3) −1.02
9
ΛLi 3/2
+ 183 350 −10 434 −6 952 8.50(12) −1.06
10
ΛLi 1
− 275 175 −11 595 −12 1022
9
ΛBe 1/2
+ 4 0 0 207 0 211 6.71(4)
11
ΛBe 1/2
+ 99 2 0 540 0 641
12
ΛBe 0
− 158 −76 −15 554 127 748
10
ΛB 1
− 35 125 −13 386 −15 518 8.89(12) −1.05
11
ΛB 5/2
+ 66 203 −20 652 −43 858 10.24(5) −1.04
12
ΛB 1
− 103 108 −14 704 −29 869 11.37(6) −1.05
13
ΛB 1/2
+ 130 197 −6 621 −57 885
14
ΛB 1
− 255 115 −13 458 −30 785
13
ΛC 1/2
+ 28 −4 0 841 −1 864 11.69(12) −0.96
14
ΛC 1
− 75 47 6 816 −40 904 12.17(33) −0.91
15
ΛC 1/2
+ 116 8 0 636 2 762
15
ΛN 3/2
+ 59 40 12 630 −69 726 13.59(15) −0.97
16
ΛN 1
− 62 94 6 349 −45 412 13.76(16) −0.93
studies [31] (a number of mirror hypernuclei are not listed) except for 16ΛN
where the value comes from a study using the 16O(e, e′K+)16ΛN reaction [32]
(the observed 1− state is actually 26 keV above the 0− ground state [12,13]).
The remaining hypernuclei that are listed are chosen because the neutron-
rich p-shell cores have higher isospin and can exhibit larger effects from Λ-Σ
coupling.
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The spin-independent central component V of the ΛN interaction doesn’t
affect the spectra but can be estimated from the binding energies by taking
BΛ(
5
ΛHe) = 3.12 MeV as the sΛ single-particle energy and using
BΛ = 3.12− nV + Sum , (7)
where n is the number of p-shell nucleons in the core. The values of V so ex-
tracted are given in the last column of Table 2. The V are relatively constant
and close to the values derived from ΛN potential models [5]. In reality, small
repulsive contributions quadratic in n are expected from the double one-pion
exchange interaction [6] which would then call for a somewhat more attractive
V . Quite good estimates can be made for BΛ values. In the case of ΛΛ hyper-
nuclei, two spin-averaged BΛ values enter into the binding energy along with
a ΛΛ two-body matrix element that is known to be quite small (−0.67 MeV).
Then, it is clear that the knowledge of single-Λ binding energies can be used
to make reliable estimates for the binding energies of ΛΛ hypernuclei [33].
8 sd-shell hypernuclei
An extension of the studies of γ-ray transitions in p-shell hypernuclei is planned
for 19ΛF in J-PARC E13 [34]. The reason for choosing
19F as a target is that
18F has a primarily L= 0, S = 1 ground state so that one should observe a
relatively large ground-state doublet spacing for 19ΛF, in complete analogy to
7
ΛLi (and the
15
ΛN doublet based on the second 1
+ state in 15N); 19F itself has
a primarily L=0, S =1/2 ground state, which is why an (impractical) 20Ne
target was considered by Millener et al. [21].
The 18F core nucleus has quite a dense spectrum, including 3+; 0, 0+; 1, 0−; 0,
and 5+; 0 states close to 1 MeV (see Fig.3 in Ref. [34]). The wave functions
for the lowest 1+ and 3+ states are given in a jj-coupling basis in Table 3.
The 1+ state is actually 92.7% L=0, S=1 (amplitudes 0.8985 and −0.3461
for SU(3) symmetry (4 0) and (0 2), respectively), while the 3+ state is 96.9%
L = 2, S = 1 (amplitudes 0.9722 and −0.1548). Historically, this simplicity
for 18F and 19F was a significant factor in the introduction of Elliott’s SU(3)
model [36].
In the sd-shell, there are 8 (sd)NsΛ matrix elements; 4 central, one each for
LS and ALS in relative p states, and 2 tensor (in both even and odd states).
These are shown as a function of binding energy in Table 4. Here, a radial
representation of the ΛN interaction that reproduces the matrix elements of
Eq.(6) is used (cf. Ref. [5]). Table 4 demonstrates that the matrix elements
are sensitive to the binding energies of the sd-shell orbits, especially the noded
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Table 3
18F wave functions using the Chung-Wildenthal interaction [35].
Jpi d2
5/2 d5/2d3/2 d
2
3/2 d5/2s1/2 d3/2s1/2 s
2
1/2
1+ 0.6038 −0.6539 −0.0515 0.1130 0.4386
3+ 0.5721 −0.2397 −0.0026 0.7844
Table 4
(sd)NsΛ matrix elements for harmonic oscillator (HO) and Woods-Saxon (WS)
wave functions. The sΛ orbit is bound at 15 MeV. The sd orbits are bound as
indicated, where Exp. means binding energies of 8, 4, and 9 MeV for the 1s1/2,
0d3/2, and 0d5/2 neutron orbits, taking into account that the neutron separation
energy is 9.15 MeV for 18F. The well geometry has rn=1.26 fm and an=0.65 fm
for the neutron (1.212 fm and 0.60 fm for the Λ).
HO WS WS WS
J b=1.741 fm BE=Exp. BE=9 MeV BE=1 MeV
〈1s1/2sΛ|V |1s1/2sΛ〉 0 −1.6067 −1.2774 −1.3181 −0.6529
1 −1.1817 −0.9524 −0.9822 −0.4915
〈0d3/2sΛ|V |1s1/2sΛ〉 1 −0.1254 −0.1062 −0.1174 −0.0610
〈0d3/2sΛ|V |0d3/2sΛ〉 1 −0.4883 −0.4890 −0.5522 −0.3828
2 −0.5184 −0.5107 −0.5747 −0.4033
〈0d5/2sΛ|V |0d3/2sΛ〉 2 0.1301 0.1333 0.1459 0.0936
〈0d5/2sΛ|V |0d5/2sΛ〉 2 −1.0508 −1.0708 −1.1026 −0.7453
3 −0.9863 −1.0009 −1.0309 −0.6958
1s orbit. We note that sd-shell orbits indeed become loosely bound and the
1s orbit moves below the 0d5/2 orbit for states in p-shell hypernuclei.
Combining the Woods-Saxon matrix elements for the Exp. case in Table 4
with the wave functions in Table 3, the doublet spacings for states based
on the lowest 1+ and 3+ states are 305 keV and 196 keV, respectively. This
calculation is for simple weak-coupling states without the inclusion of Λ-Σ
coupling and calculations similar to those performed for p-shell hypernuclei
remain to be performed. In addition, 18F has low-lying negative parity states
that can be reached in the (K−, π−γ) reaction [34]. The lowest 0− and 1−
states are predominantly of the form p−1
1/2 ×
19F(gs) (89% and 81% for 0−
and 1− in a full 1h¯ω shell-model calculation; alternatively 72.4% and 74.6%
(6 1) SU(3) symmetry). The 1h¯ω hypernuclear basis requires (sd)2pΛ states in
addition to p−1(sd)3sΛ and (sd)(pf)sΛ to make a non-spurious basis.
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9 Discussion
Calculations using refined (0h¯ω) interactions for p-shell core nuclei, with the
inclusion of Λ-Σ coupling, have been quite successful in that a large body of
data on hypernuclear level spacings has been correlated with relatively few Y N
parameters. The introduction of explicit Λ-Σ coupling is generally beneficial. It
is necessary to understand the s-shell hypernuclear binding energies, especially
for 4ΛH and
4
ΛHe. It makes significant contributions of varying size relative
to the dominant ΛN spin-spin interaction in p-shell doublet spacings and
binding energies. In particular, it seems necessary to understand the ground-
state doublet spacings in both 10ΛB (a limit) and
12
ΛC. These effects involve the
interplay of Fermi and Gamow-Teller type matrix elements connecting core
states.
The remaining problems are to understand (1) the need for different ΛN spin-
spin interaction strengths at either end of the p-shell and (2) the need for a
stronger enhancement of the nuclear vector interaction terms (LS and ALS)
near mid shell by the presence of the Λ. The next steps are to expand the shell-
model basis and to reintroduce the double one-pion exchange ΛNN interaction
considered by Gal, Soper, and Dalitz [6].
For consistency, one has to go beyond 2h¯ω states for the core and the Λ config-
urations which makes for a challenging problem. A somewhat more tractable
problem is to treat the full 1h¯ω basis of hypernuclear states [37]. This is neces-
sary to (1) treat properly pΛ states in both the p- and sd-shells and (2) estimate
decay widths for particle emission from unbound hypernuclear states [38,39],
this being the way in which γ transitions in daughter hypernuclei have been
studied.
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Appendix A. Structure factors for production reactions
For a particular ln → lΛ transition, it is possible to pull out a structure factor
that multiplies a particular distorted (or plane) wave radial integral and gov-
erns the relative cross sections for related states. See, for example, Section 3.2
of Ref. [40] where the structure factor is (2Jf + 1)/(2Ji + 1) times the square
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of an LS one-body density-matrix (OBDME) for the transition, together with
some common factors such as the square of the isospin Clebsch-Gordan co-
efficient for the transition. For the predominantly non-spin-flip transitions in
(K−, π−) or (π+, K+) reactions, there is a single OBDME with S=0. In the
case (e, e′K+) reactions, the Kroll-Ruderman term σ · ǫ is dominant and one
needs to evaluate the magnetization current contributions to the transverse
electric and magnetic operators that appear in the (e, e′) cross section, specif-
ically the Σ and Σ′ terms that appear in Eqs.(22b) and (22c), and given in
Eqs.(1d) and (1e), of Donnelly and Haxton [41]. For the same L, we can pull
out a common radial factor, basically the longitudinal form factor FL. For the
electric terms with L = J , we get just FL, while for the magnetic terms we
get
√
(J + 1)/(2J + 1) FL for L=J−1 and
√
J/(2J + 1) FL for L=J+1. To
get the structure factors, we multiply by the OBDME with the given (LSJ),
square, and add the statistical (2Jf + 1)/(2Ji + 1) factor. Note that in the
case of a simple particle-hole excitation for a closed-shell target nucleus, the
jj OBDME is just a phase factor so that the (LSJ) OBDME is given by a
normalized 9J symbol for the jj → LS transformation.
In this paper, we have just the simple pN → sΛ transition so that for S =
0 we need the OBDME (101)2, while for S = 1 we need the combination
(111)2+3/5(112)2. These are multiplied by 2C2 (2Jf +1)/(2Ji+1), where C
is the isospin Clebsch-Gordan coefficient.
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